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ABSTRACT 

   In this paper we introduce the notion of Maxideal and Minideal zero divisor graphs of the maximal and 

minimal ideals of the ring Zn. We defined the Maxideal and Minideal zero divisor graphs of the ring Zn for 

any n, to be the zero divisor graph of maximal and minimal ideals of the ring Zn. Finally we define the zero 

divisor ideal I*is an ideal contains of all adjacent vertices of the ideal I, and zero divisor ideal graphs of I*is 

denoted by ГI(Zn), is a graph with vertex set I*. 
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 1-INTRODUCTION 

   Let R be a commutative ring with identity and let Z( R) be 

the set of zero- divisors of R. We associate a simple graph 

Γ(R) to R with zero divisor vertices Z*(R)=Z( R)-{0} the set 

of non-zero zero divisors of R, and for distinct x, y  Z*( R), 

the vertices x and y are adjacent if and only if xy = 0 as a 

zero divisor elements. Note that Γ(R) is empty if and only if 

R is an integral domain, and the zero divisor graph is always 

simple connected graph. 

   The concept of a zero divisor graph was first introduced by 

Beck [5] in (1988), further studied by many authors like [1, 

2,3,5,8,9] and [10]. In this work we introduce the notion of 

Maxideal and Minideal zero divisor graphsof the ring Zn 

which will denoted by Iiμ(Zn) and Iiη(Zn), we prove that the 

zero divisor ideal of the ring Zn is complete bipartite graph, 

where n= pqr, p, q and r are positive prime numbers. 

1-1 Maxideal and Minideal zero divisor graphs 

     In this section we find the Maxideal and Minideal zero 

divisor graphs of different rings, first we give the following 

definitions. 

Definition 1-1-1: The Maxideal zero divisor graph of the ring 

Zn is denoted by Iμ(Zn),and is defined to be the graph of a 

maximal ideal I in the zero divisor graph Г(Zn) of the ring 

Zn. 

Definition 1-1-2: The Minideal zero divisor graph of the ring 

Zn is denoted by Iη(Zn), and is defined to be the graph of a 

minimal ideal in the zero divisor graph Г(Zn) of the ring Zn.  

Definition 1-1-3: Stable set S  V(G), is the set of all non 

adjacent vertices in the graph G, S={x: x G, xy≠0, for all y 

in G}. There is no edge connect the vertices x and y in the 

graph G, thus x and y are non adjacent. 

Next, we shall give the following example: 

Example-1: Consider the ring Z28, the set of non-zero zero 

divisor elements of Z28 are: 

Z*(Z28)={ 2, 4, 6, 8, 10, 12, 14, 16, 18, 20,  22, 24, 26, 7, 

21}, this graph has exactly two maximal ideals I1=(2)={0, 2, 

4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26}, and I2 =(7)={7, 14, 

21}, and the Maxideal zero divisor of  I1 and I2  are shown in 

the graph bellow:I1μ(Z28) is star graph S1,12, and I2μ(Z28) is 

null graph N3of order 3. 

 

 

 

 

Fig-1-Maxideal zero divisor graphs I1μ(Z28) and I2μ(Z28) I1μ(Z28)Iμ2(Z28)ГI1(Z28) 
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Example-2: Consider the ring  Z18, then the set of the zero 

divisor graph is Z*={ 2, 4, 6, 8, 10, 12, 14, 16, 3, 9, 15}, has 

exactly two maximal ideals I1= (2), is an ideal generated by 2, 

and I2=(3), is an ideal generated by 3. The first Maxideal zero 

divisor Гμ1(Z18)  K2 N6 and Гμ2(Z18)  K2 +N3 as 

shown in the figure (2). 

 

 

 

 

   Since the zero divisor graph Г(Zn), of any ring Zn depends 

on the zero divisor elements, degree of vertices and the 

adjacency relation between the different vertices, and each 

ring has its maximal ideal different from the other, then the 

ideal zero divisor graph Iiμ(Zn) is also different and depends 

on n. and since the design of zero divisor graph depends on n, 

thus we must classify the graphs with respect to n to find the 

Maxideal zero divisor graphs Iiμ (Zn). 

2-The Maxideal zero divisor Iiμ(Zn), for the ring 

Zn Zqp, q and p are prime number. 

2-1: For q=2, the ring is Z2p 

   In this case the zero divisor set contain all even vertices 

from 2 till 2(p-1), and one odd element p only, the center 

C=p. Then it has two maximal ideals, the first generated by 2 

and second generated by p as follows: 

I1=(2)={2, 4, 6, …, 2(p-1)}, and I2=(p) , the Maxideal zero 

divisor graph of both ideals I1 and I2 of the ring Z2p are null 

graph of order (p-1) and one respectively as in figure(3). 

 

 

 

 

 

 

2-2 : The maxideal zero divisor graph of 

ringZqp in general. 

In general the zero divisor graph Г(Zn), for the ring Zn  

Zqp, has exactly two maximal ideals I1 and I2. I1 is generated 

by q and the second maximal deal is generated by p as 

follows. 

I1=(q) ={0, q, 2q, …, (p-1)q}, and the Maxideal zero divisor 

graph I1μ(Zqp)is null graph of order (p-1). 

 

 

 

 

 

 

 

 

 

 

I2 =(p) ={ p, 2p, 3p,…, (q-1)p}, and its Maxideal zero divisor 

graph is null graph of order (q-1) .  

Theorem 2-2-1: The Maxideal zero divisor graphs of two 

maximal ideals of the ring Zqp, q and p are prime number, 

are null graphs. 

Proof: Since n=qp has only two factor q and p, q and p are 

prime, then the ideal generated by q and p are maximal 

ideals. 

Now the zero divisor graph Г(Zqp) has two type of zero 

divisor elements inV1 and V2 which contains the elements of  

multiple q and multiple of p respectively, such that each 

partite set is an ideal of the ring Zqp, and since xy≠ 0 for each 

x and y in V1 or V2, i.e. q.2q =2q2 not divide qp, and 

p.2p=2p2 not divide qp, since (q,p)=1, then we obtain two 

ideal zero divisor graph without any edge, then the ideal 

graphs I1μ(Zqp) and I2μ(Zqp) are null graph of order (p-1) and 

(q-1) respectively. 

Remark: Note that the ring Zqp has only two deals which 

they are maximal ideals, and has no minimal deals. 

3- The zero divisor graph of ideal I of the ring Zpqr 

The commutative ring Zn, n=pqr with the zero divisor set of 

non-zero zero divisor elements Z*, contains three maximal 

ideals generated by p, q, and r respectively, and also contains 

minimal ideals. 

The design of the zero divisor graph of the commutative ring 

Zn, n=pqr depends on n, subsequently the ideal zero divisors 

of  Maxideal and Minideals are also depend on n. To find the 

general case of the ideal zero divisor graphs, we must classify 
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Fig-2- Maxideal zero divisor graphs I1μ(Z18)and I2μ(Z18) 
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this ring to special cases with respect to prime numbers p, q, 

and r, now we consider the following cases. 

 

3-1 The ideal zero divisors of the ring Z2qr, p=2 

The order of the ring Z2qr is even and the cardinality or the 

order of the zero divisor graph Г(Z2qr) is even and 

│Г(Z2qr)│=2qr , while the center of this graph C=qr. Clearly 

this ring has three maximal ideals generated by 2, q and r 

respectively as shown in the following example. 

Example-1: for q=3, r=5, then Z2qr=Z2.3.5=Z30, and the 

zero divisor set of this ring Z30={2, 4, 6, 8, 10, 12, 14, 16, 

18, 20, 22, 24, 26, 28, 3, 9, 15, 21, 27, 5, 25}, with center 

C=qr=15 contains three types of vertices each type represent 

the elements of an ideal, thus I1=(2), I2=(3), and I3=(5) and 

there are vertices in common between the ideals. Note that 

the center C=15 belongs to  I2 and I3 only. Clearly we get 

three Maxideals zero divisor graph as shown in figure (5). 

 

 

 

 

 

 

   

 

   

 The Maxideal zero divisor graphs of maximal ideals of the 

ring Zn are defined as follow: 

I1μ(Z2qr) K2,4 N8,I2μ(Z2qr) K1,4 N4 and 

I3μ(Z2qr) K1,2 N2.  

This ring has also three minimal ideals Ji such that 

J1=I1 I2=(6), J2=I1 I3=(10), and J3=I2 I3=(15), and the 

Minideal zero divisor graphs are null graph of order 4, 2, and 

one respectively, and J3 is an ideal generated by the center 

C=qr. 

Now the stable elements in Maxideals are those vertices that 

are non adjacent together which represent the null part of  

each zero divisor graphs of ideals Ii, if we remove the stable 

vertices in S from Iiμ(Z2qr), i=1, 2, 3 then we get the 

connected Maxideal zero divisor graph Kn,m as shown in the 

figure (5) bellow. To get the general form for Maxideal and 

Minideal of the ring Z2qr we have the following theorems. 

Theorem 3-1-1: The Maxideal zero divisor graph Iiμ(Z2qr) 

of the ring Z2qr is disconnected graph and has the following 

forms for all i=1, 2,3: 

1- I1μ(Z2qr) K(q-1),(r-1) N(q-1),(r-1), for maximal ideal 

generated by 2.  

2- I2μ(Z2qr) K1,(r-1) N(r-1), for maximal ideal generated by 

q.  

3- I3μ(Z2qr) K1,(q-1) N(q-1) for maximal ideal generated 

by r.   

Proof: 

1- The stable vertices in the set S are non adjacent vertices 

that xy≠ 0 for all x and y in S. Clearly the ideal I1=(2), it 

contains the vertices of the form 2n, n is positive integer and  

 

 

 

 

 

 

 

 

 

 

 

they are of two types of vertices, first consist all the vertices  

2n except the multiple of q and r, they are exactly (q-1)(r-1) 

vertices and they are isolated vertices  belong to the stable set 

S , then this type construct the null part of the Maxideal zero 

divisor graph. On the other hand the second type consist of  

the vertices of multiple q and r with 2, 2qn, 2rm, they are in 

two partite sets since they are of deferent degree, the number 

of vertices 2qn is (r-1) vertices of degree (r-1), since they are 

adjacent with the (r-1) vertices of the form 2rm, 2qn.2r m= 

4qr nm│2qr the order of the zero divisor graph Г(Z2qr), and 

since all the vertices in second type are adjacent together , 

then we get the second part of Maxideal zero divisor graph 

which represents the complete bipartite graph. 

2-I2=(q)={ 0, q, 2q, ….(2r-1)q}, there are 2(r-1) vertices with 

the center C, and the center C=qr belong s to both maximal 

ideals I2 and I3 which they generated by q and r respectively, 

but the center C is adjacent with only (r-1) even vertices in 

I2,which construct the star graph  S1,(r-1) K1,(r-1)and the 

remind (r-1) odd vertices are isolated vertices belong to S, 

Fig-5-Maxideal zero divisors I1μ(Z2qr), I2μ(Z2qr),I3μ(Z2qr) 
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thus we get the Maxideal zero divisor graph 

I2μ(Z2qr) K1,(r-1) N(r-1). 

3-The ideal I3=(r) ={ 0, r, 2r, …, (2q-1)r}, there are 2(q-1) 

vertices also contains the center C=qr which is adjacent with 

the (q-1) even vertices , and the other (q-1) odd vertices are 

belong to S. 

The minimal ideals of the ring Z2qr are those results by 

intersection maximal ideals Ii, if Ji are minimal ideals of this 

ring such that J1=I1 I2=(2q), J2=I1 I3=(2r), and  

J3=I2 I3=(qr), the Minideal zero divisor graph is denoted by 

Iηi(Z2qr), where the third minimal ideal is generated by the 

center C, then the Minideal zero divisor graph of J3 is an 

isolated vertex.And the other vertices of I1 and I2 are 

belonging to the stable set S, means they are non adjacent 

vertices and there is no edge connected them as shown in the 

following corollary.  

Corollary 3-1-2: The Minideal zero divisor graphs of the 

ring Z2qr are null graph of order (q-1), (r-1) and one 

respectively. 

 

 

 

 

 

 

 

 

 

 

 

Proof: It is obvious since all elements in any minimal ideals 

are non adjacent and belong to the stable set S, 2q.nq=2nq2 

not divide the order 2qr of the ring Z2qr, also 2r.mr=2mr2 

not divide 2qr, thus the Minideal zero divisor graphs 

Iηi(Z2qr) are null graph for i=1, 2,3. 

3-2 The Maxideal and Minideal zero divisor graph of the 

ring Z3qr. 

In this case we have p=3, is prime number and clearly 3qr 

which is multiple of prim numbers is odd, and the zero 

divisor graph of the ring Z3qr have two centers, then it must 

be different from the case of p=2 (even) and effect to the 

Maxideal and Minideal zero divisor graph, now we will give 

the following example to defined the Maxideal and Minideal 

of the ring Z3qr. 

Example-1: Let p=3, q=5, and r=7, then the ring 

Z3qr=Z3.5.7=Z105, It seen that the ring has odd order, and 

clearly has three maximal ideals Ii, generated by the zero 

divisor vertices 3, q and r respectively. And also have three 

Minimal ideals Ji results by intersection of the maximal 

ideals of the ring Z3qr. 

The set of non-zero zero divisor graph of Z3qr, Z*={ 3, 6, 9, 

…,102, 5, 15, …, 100, 7, 21, …, 98}and maximal ideals 

defined as follow: 

 

I1=(3), ={0, 3, 6, 9, …, 102} and the Maxideal zero divisor 

graph of I1 is K4,6 N24. 

I2=(q)=(5)={0, 5, 10, …, 100}, and the Maxideal zero divisor 

graph of I2 isK2,6 N12. 

I3=(r) =(7)={0, 7, 14, 21, …, 98}, and the Maxideal zero 

divisor graph of I1 is K2,4 N8. 

We shall show the Maxideal zero divisors Iμi(Z3qr), i=1, 2,3 

in the figure(6) bellow: 

 

 

 

 

 

 

 

 

 

 

 

While the minimal ideals of this ring are Ji such that:  

J1=I1 I2= (3) (5)=(15)={0, 15, 30, 45, 60, 75, 90}, and 

the Minideal zero divisor graph is isomorphic to null graph 

N6 of order six (since this ideal contains six non-zero zero 

divisor elements). 

 J2=I1 I3=(3) (7)=(21)={0, 21, 42, 63, 84}, and the 

Minideal zero divisor is isomorphic to null graph N4 of order 

four. 

J3=I2 I3=(5) (7)=(35)={0, 35, 70}, this ideal generated by 

center C=qr, the elements of this ideal are the centers of the 

Fig-6-Maxideal zero divisors I1μ(Z3qr), I2μ(Z3qr),I3μ(Z3qr)   
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zero divisor graph Г(Z3qr), and the Minideal zero divisor is 

isomorphic to null graph N2. 

Remark: Note that all elements in minimal ideals Ji, i=1,2,3, 

belong to the stable set S, and the null part of Maxideals 

Iiμ(Z2qr) construct by the stable elements, so if we remove 

the stable elements from each Maxideal zero divisor graph 

we get connected complete bi-partite graph of the ring Z3qr 

for all q and r. Now we give the following  results.   

Theorem 3-2-1: 

   The Maxideal zero divisor Iiμ(Z3qr) of the ring 

Z3qr has the following forms for maximal ideals 

generated by 3, q, and r respectively: 

1-I1μ(Z3qr) K(q-1),(r-1) N(q-1)(r-1). 

2-I2μ(Z3qr) K2,(r-1) N2(r-1). 

3-I3μ(Z3qr) K2,(q-1) N2(q-1). 

Proof: 

   The ideal generated by 3 is I1={0, 3, 6, …, 3(qr-1)} which 

contain two type of vertices , type one are those non adjacent 

vertices in the ideal I1, there is no any edge connect them i.e. 

xy≠0 for all x and y in I1,and the elements in type one called 

isolated vertices belong to the stable set S, they are (q-1)(r-1) 

vertices construct the null part of the Maxideal zero divisor 

graph. 

But the elements in type two are those elements of multiple q 

and r, they are adjacent together and there is an edge connect 

any two vertices, and up to the degree of the vertices we 

divide it in to two kind, first the vertices of the form 3qn, they 

are (r-1) vertices of degree (q-1), and the other of the form 

3rm, they are (q-1) vertices of degree (r-1). Both of them are 

adjacent together in a way that each vertex 3qn is adjacent 

with all vertices of the form 3rm, thus we get the complete bi-

partite graph K(q-1),(r-1), and the Maxideal zero divisor graph 

of I1 is isomorphic to K(q-1),(r-1) N(q-1),(r-1). 

2- I2=(q)={0, q, 2q, …, (3r-1)q} and also contains the isolated 

vertices ( the vertices of degree zero, since they are non 

adjacent with any other vertex}, they are 2(r-1) belong to S 

represented the null part. This ideal contains two centers of 

the zero divisor graph Г(Z3qr), C1=qr, C2=2qr of degree (r-1) 

since they are adjacent with all the (r-1) vertices of the form 

3qn, thus we get the complete bi-partite K2,(r-1).  

I3=(r) ={0, r, 2r, …, (3q-1)r}, this ideal also contain two 

centers C1 and C2, and they are adjacent with all the (q-1) 

vertices of the multiple of 3r, qr.3rm=3qr2m│3qr (divide the 

order of the ring Z3qr), thus this adjacency relation construct 

the complete bi-partite graph , thus we get the Maxideal of I3 

isomorphic to K2,(q-1) N2(q-1). 

 

Proposition 3-2-2: 

The Minideal zero divisor graph of minimal ideals of the ring 

Z3qr are null graph of order (q-1), (r-1), and 2 respectively. 

Proof: The same as Corollary 3-1-2. 

Theorem 3-2-3: The Maxideal zero divisor graph of the ring 

Z3qr are connected complete bi-partite graph by removing 

the isolated vertices in stable set S of the ideals. 

Proof:  Let S={ x: xy≠ 0 for all y in I}, that x and y are non 

adjacent in I, but they are adjacent in the zero divisor graph 

Г(Z3qr) since they are zero divisor elements. As shown in the 

Theorem 3-2-1 the Maxideal zero divisor graphs of ideal Ii, 

i=1, 2,3 are constructed by union operation of two part, one is 

complete bi-partite Km,n and the other is null graph Nz, thus 

by removing the vertices in S we remove the null part , 

clearly we get the connected complete bi-partite graph . 

3-3 The Maxideal and Minideal of the ring Zpqr 

    In general for any prime numbers p, q and r, the ring Zpqr 

has three maximal ideals Ii generated by p, q, and r 

respectively, and three minimal ideals Ji results by 

intersection of the maximal ideals Ii, each maximal ideal 

contains two type of vertices one is stable partite set S 

contains all non adjacent vertices of degree zero, and the 

second partite unstable, contains all adjacent vertices which 

construct the complete bipartite graph of any Maxideal zero 

divisor graph of the maximal ideals. And the Minimal ideal 

contains only the stable part of non adjacent vertices , 

isolated vertices and clearly the Minideal zero divisor graphs 

are null graph of different order as given in the following 

theorems. 

Theorem 3-3-1:The Maxideal zero divisor graph of the ring 

Zpqr is disconnected and have the following forms: 

1-I1μ(Zpqr) K(q-1),(r-1) N(q-1)(r-1). 

I2μ(Zpqr) K(p-1),(r-1) N(p-1)(r-1).2- 

I3μ(Z3qr) K(p-1),(q-1) N(p-1)(q-1).3- 

Proof:Its obvious and the proof is the same as theorem 3-2-1 

and 3-1-1. 

Corollary 3-3-2: 
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The Minideal zero divisor graph of minimal ideals of the ring 

Zpqr are null graph of order (q-1), (r-1), and (p-1) 

respectively. 

Proof: The same as Corollary 3-1-2. 

Theorem 3-2-3: The Maxideal zero divisor graph of the ring 

Zpqr are connected complete bi-partite graph Kn,mby 

removing the isolated vertices in stable set S of the ideals. 

Proof: Since the Maxideal zero divisor graphs of the ring 

Zpqr constructed by union operation between complete bi-

partite graph with null graph, so by removing the null part 

clearly it remains only the complete bi-partite graph and its 

connected.  

4- The ring Zn2p, p is prime number. 

         This type of zero divisor graph and its Maxideal and 

Minideal zero divisor graphs depends on the positive integer 

n, so we classify the type of the zero divisor graphs up to the 

n: 

4-1: The ideal zero divisor graph of the ring Z22p. 

This type of ring has two maximal ideals, generated by 2 and 

p respectively as shown in the following example. 

Example-1: for p=5, then the ring is Z20 and the center 

C=10(the center of the zero divisor graph Г(Z22p) is2p), 

which belong to both maximal ideals I1=(2), and I2=(p), and 

the Maxideal zero divisor graph I1μ(Z2
2
p) is star graph S1,8 

and I2μ(Z2
2
p) is null graph of order 3, N3. Clearly I1  I2 = 

(2p)=J1 and its minimal ideal of this ringwhich generated by 

the center, thus it contains only isolated vertex so the 

Minideal zero divisor graph is null graph. There is another 

minimal ideal J2of this ring generated by (22), the Maxideal 

zero divisor graph s is shown in figure (7). 

 

 

 

 

 

 

 

    

 In general for any p>2, the zero divisor graph Г(Z22p)  has 

two maximal ideals and two minimal ideals, the general form 

ofMaxideal and Minidealzero divisor graphs are given in the 

following theorem. 

Theorem 4-1-1: The Maxideal zero divisor graph of 

Maximal ideal I1=( 2)of the ring Z22p is star graph S1,2(p-1). 

Proof: Suppose I1is a maximal ideal of the ring Z22p, 

generated by 2, i.e. I1={ 0, 2, 4, 6, …,2p, …, 2(2p-1)}, and 

for all x,y in I1 except the vertex 2p, xy≠0, means x and y are 

non adjacent, but the vertex 2p is adjacent with all other 

vertices in I2, thus we get star graph S1,m. And since the 

number of vertices in I1 is (2p-1), and m=2p-1-1=2(p-1), then 

S1,m=S1,2(p-1). 

Theorem 4-1-2: The Maxideal zero divisor graph of ideal I2 

generated by p in Z22p is null graph. 

Proof: Suppose that I2 is an ideal generated by p, I2=(p)={0, 

p, 2p, 3p}, these elements are non adjacent together since 

p.2p=2p2, p.3p=3p2, and 2p.3p=6p2, they all not divide 22p, 

thus there is no any edge incident with them, clearly the ideal 

zero divisor graph I2μ(Z22p) is null graph of order 3. 

The ring Z22p have two minimal ideals Ji, such that J1=I1  

I2 = (2p), and J2=(22) and clearly the Minideal zero divisor 

graphs are null graph of order one (since J1 is minimal ideal 

generated by centre) and (p-1) respectively. 

4-2 – The Maxideal zero divisor graph of the ring Z23.p 

     The zero divisor graph Г(Z23.p ) of the ring Z23.p has one 

center C=22p, and has two maximal ideals generated by 2 and 

the other generated by p, respectively. 

Example-2: For p=3, the zero divisor graph 

Г(Z23.p)=Г(Z23.3 )=Г(Z24), and has the maximal ideals 

I1=(2)={0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22}, and 

I2=(p)={0, 3, 6, 9, 12, 15, 18, 21}, with  C=12. Since (x,y)≠ 1 

for some x in I1 and y in I2, then the ideal zero divisor graph 

of this ring is different as shown in figure(8). 

I1μ(Z23p) S1,4•K1+(N2+N4), I2μ(Z23p)  P3 N4 

 

 

 

 

 

 

    Since some zero divisor elements in the ideals I1 and I2are 

commons, they are multiple of 2 and p=3 together , then with 

Fig-7- ideal zero divisor graph I1μ(Z22p) andI2μ(Z22p) 
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respect to the adjacency relation there is an edge connect 

them, so the ideal graph has no special case, but we can 

defined the graph by the operation in graph theory. 

Remark: Since there is a common vertices between I1 and I2, 

then we have another ideal I3=I1 I2=(2) (p)=(2p) an ideal 

generated by 2p,its ideal not minimal ideal and zero divisor 

graph of ideal ГI3(Z23p) is P3.And there is another ideal I4 

generated by 22=4, and the ideal zero divisor graph of I4 is 

star S1,2(2p-1).  

    In general for any p>2 we have the following theorems. 

Theorem 4-2-1:  The maximal ideal zero divisor graph 

I1μ(Z23p) of I1 generated by 2 in the ring Z23p is component 

graph S1,2(p-2)•K1+(N2+N2(p-1)). 

Proof: Since I1=(2) ={0, 2, 4, 6, …, 2(4p-1)}, with center 

C=22.p.  Clearly I1 contains elements of different degree up to 

the adjacency relation, the vertices of the form ui=2+4i, i=0, 

1, 2, …,(2p-1) except multiple of p, are of degree one, so they 

indicate the star part S1,2(2p-1)of the Maxideal zero divisor . On 

the other hand the vertices vi=4j, j from 1 to (2p-1) except 

p(4p=C), are of degree three, they are 2(p-1) vertices , since 

they are adjacent with the vertices wi={2p, 4p, 6p}, up to the 

zero divisor property xy=0, means x and y are adjacent in the 

zero divisor graph, and the degree of the vertices we have 

N2+N2(p-1), but all these vertices in I2 are adjacent with the 

center C=4p=K1, and by the definition of the join operation in 

the graph we get the result. 

Theorem 4-2-2: The Maxideal zero divisor graph I2μ(Z23p) 

of idealI2generated by p is P3 N4. 

Proof: The ideal I2=(p)=[0,p, 2p,3p, 4p, 5p, 6p, 7p=23.p} 

contain two type of vertices up to the degree of vertices and 

the adjacency relation, Clearly 2p, 4p, and 6p, are  multiple of 

2 and multiple of p, then C=4p is adjacent with 2p and 6p, 

since 2p.4p=8p, and 4p.6p=24p both divide 23p implies that 

they are adjacent, so we get the first part of the graph P3. 

Clearly the other vertices p, 3p, 5p and 7p are isolated 

vertices since they are neither adjacent with center nor 

together, so we have N4 and we get the result. 

Since there are some vertices in common between maximal 

ideals I1 and I2, then I1 I2 , then the ideal I3= 

I1 I2=(2p), is an ideal generated by 2p,but it's not minimal 

ideal. Also we have two minimal ideals of the ring Z23p one 

generated by 22p, J1 ={0, 4p}, is an ideal generated by center 

and the other J2=(23), where the Minideal zero divisor of the 

ideal J1 is isolated vertex, and minimal ideal J2=(23)=(8), and 

it has an Minideal zero divisor graph isomorphic to N(p-1). 

Theorem 4-2-3: The ideal zero divisor graph of ideal 

I3=I1 I2 of the ring Z23p is path graph of order 3, P3. 

Proof:I3 is an ideal of the ring Z23p, such that 

I3=I1 I2=(2p)={0,2p, 4p, 6p}, since the zero divisor graph 

Г(Z23p) contains (23-1)=7  zero divisor vertices of multiple p 

{p, 2p, 3p, 4p, 5p, 6p, 7p}only, then I3 contains only three 

vertices, where 2p=C, and 4p , 6p are adjacent with C, so we 

get the path graph P3, thus I3(Z23p) is P3 as shown in figure 

(9). 

 

 

 

Theorem 4-2-4: The ideal zero divisor graph of ideal 

generated by 22=(4) is star graph S1, 2(p-1). 

Proof: Suppose I4 =(4) an ideal generated by 4, then I4={0, 4, 

8, …, 4(2p-1)}, the elements in I4 are zero divisors vertices in 

the zero divisor graph Г(Z23p) of the form 4i, i=1, 2,…,(2p-

1), and all these vertices are adjacent with the center 4p, then 

the ideal zero divisor graph ГI4(Z23p) of ideal generated by 4 

is star S1,m, and the number of elements in this ideal are (2p-

1), then m=2p-1-1=2(p-2),thenI4(Z23p)=S1,2(p-1). 

4-3 The ideal zero divisor graphs of the ring Z2np, p is 

prime numbers 

   In general case for any positive integer n, the zero divisor 

graph of the ring Z2n.p, p prime contains many types of 

vertices, the type of vertices in this graph  depends on the n, 

i.e. the type of vertices in Г(Z2np) is increase by increasing n, 

since the ideal generated by 2 contains the vertices 2m, 22m, 

m.2p, 23p, 24p, …2n-1pand all of the different degree causes 

containing in different type , but each vertex x in I1 is 

adjacent with at least one vertex y in I1, implies xy=0, then I1 

is always connected for all n. 

2p 

 

6p 

 

4p 

 
Fig-9- The ideal zero divisor graphГI3(Z23p) = P3 
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Theorem 4-3-1: The Maxideal zero divisor graph of 

maximal ideal generated by 2 in the ring Z2np is connected 

graph. 

Proof: Since the order of the ring Z2np is even and the order 

of ideal I1=(2)={0, 2, 4, …, 2np-2}is also even and contains 

the center C=2n-1p, clearly all the even vertices in I1 are 

adjacent with the center C , 2m 2n-1p=2n+m-1p divide the order 

of  the ring Z2np. And up to the degree of vertices in this 

ideal any vertex is adjacent with more than one vertex , so we 

get the connected graph of order (2n-1p-1). 

Theorem 4-3-2: The Maxideal zero divisor graph 

I1μ(Z2np)of maximal ideal I2 generated by p of the ring Z2np 

is disconnected graph. 

5- The ideal zero divisor graphs of the ring Zq2p, p and q 

are prime numbers 

This ring has different zero divisor graph since p and q both 

are prime then pq is odd number, so the ideals generated by q 

and p are maximal ideals, and intersection of two ideals is 

also ideal generated by odd number. 

   Clearly if we have the ring Z3p, we know that the zero 

divisor graph Г(Z3p) is double star (bi-star), and it has two 

maximal ideals I1=(3), and I2=(p), and the ideal zero divisor 

graph of  them is null graph. 

5-1 The Maxideal zero divisor graphs for Z32.p, q=3. 

  In this section we assume that  q≠p. 

First we give clarification by the following example. 

Example-1  : If q=5, then the ring is Z32.5=Z45, and has the 

following ideals, 

I1=(q)=(3)={0, 3, 6, 9, 12, 15, 18, 21, 24, 27, 30, 33, 36, 39, 

42}, and I2=(p)=(5)={ 0, 5, 10, 15, 20, 25, 30, 35, 40}, both 

are maximal ideals and have vertices in common, then the 

intersection of two ideals is not empty. 

The Maxideal zero divisor graph Iiμ(Z3
2

p) for I1 is given in 

figure(12) bellow: 

 

 

 

 

 

 

 

 

 

 

This graph is special graph and we can call this Maxideal 

zero divisor graph butterfly graph, and its connected graph 

K2+N12 or complete bipartite K2,12. 

On the other hand the Maxideal zero divisor graph of the 

second ideal I2 is K2 N6 , as shown in figure(13). 

 

 

and the minimal ideal J1=I1  I2=(15), is an ideal generated 

by 3p and Minideal zero divisor graph is K2 

In general for any p >3, the zero divisor set of the ring Z32.p 

has two maximal ideals and the intersection of two maximal 

ideals is minimal ideal contains only two centers C1 and C2 of 

the zero divisor graph of the ring Z32p, and the Maxideal zero 

divisor graph of those ideals are given in the following 

theorems. 

Theorem 5-1-1:  The Maxideal zero divisor graph 

I1μ(Z32p)of ideal generated by 3 of the ring Z32p is (butterfly 

graph) composite graph  K2+N3(p-1)or = complete bipartite 

graph K2,3(p-1). 

Proof: Suppose that I1=(3) is an ideal of the ring Z32.p 

generated by 3, I1= {0, 3, 6, …, 3(3p-1), and since  the zero 

divisor graph Г(Z32.p) of this ring has two centers C1=3p, and 

C2=2.3p=6p and both are contained in I1. Clearly two centers 

C1 and C2 are adjacent since C1.C2=3p.6p=18p│32p, the order 

of ring Z32p, then we get the K2 part of the graph. But the 

centers are adjacent with all other vertices in I2 where they 

are (3p-1) vertices and non adjacent together, thus we get null 

part N(3p-1) adjacent with two centers, so I1μ(Z32.p)  

K2+N(3p-1) . 

Theorem 5-1-2: The Maxideal zero divisor graph of ideal 

generated by p of the ring Z32p is composite graph   K2 N6. 

Proof: The ideal I2=(p) = {0, p, 2p, 3p, 4p, 5p, 6p, 7p, 8p} , 

the non zero elements in I2 are 8 vertices, and also contains 

two centers of the zero divisor graph Г(Z32.p), and they 

adjacent together but they not adjacent with other vertices in 

figure( I2), for example 3p.2p=6p  the order of the ring , 

then this graph contains only one edge and all the other 

Fig-13- the Maxideal zero divisor graph of I2 

Fig-12- the Maxideal zero divisor graph of Z3
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vertices are isolated, thus the ideal zero divisor graph 

ГI2(Z32.p) K2 N6. 

Corollary 5-1-3: If J1=I1 I2 then J1 minimal ideal and the 

Minideal zero divisor graph is   K2 (K(q-1). 

Proof: It's obvious, since J1=I1 I2=(3p) is an ideal generated 

by 3p , and by the above theorems we get the result. 

5-2 The Maxideal and Minideal zero divisor graph Iiμ(Zn) 

andIiη(Zn), n=q2.p, for all q and p, prime and q≠ p. 

    Clearly the ring Zq2.p has two maximal ideals I1=(q), and 

I2=(p), ideals generated by q and p respectively, where the 

ideal generated by q contains qp-1 vertices of two types, all 

are of degree (q-1) except the vertices qp, 2qp of  greatest 

degree between all other vertices in Г(Zq2.p), therefore in 

I1μ(Zq2.p), and I2contains (q2-1)vertices of two types degree, 

all are of degree (p-1) except two common vertices with 

vertices in I1, the multiple of q and p, qp, 2qp. 

   Since the order of the zero divisor graph Г(Zq2.p), 

│Г(Zq2.p)│=q2.p, then there exist vertices in common 

between I1 and I2, so we can find another ideal J1 

=I1 I2=(qp) ≠ , is a minimal ideal of the ring Zq2.p The 

zero divisor graph of this ring has (q-1) centers. 

Now to find the general case of Maxideal and Minideal zero 

divisor graphs ofI1, I2, and J1 we shall give the following 

theorems. 

Theorem 5-2-1: The Maxideal zero divisor graph of ideal I1 

generated by q in the ring Zq2.p, is construction connected 

graph K(q-1)+ Nq(p-1). 

Proof: I1=(q)={ q, 2q, 3q, …, (qp-1)q}, they are (qp-1) 

vertices divided in to two partite set up to the adjacency 

relation and up to the degree of vertices, V1 and V2 such that 

│V1│+│V2│=(qp-1). All vertices in V1 are of degree (q-1) 

except the vertices of the form  qp, 2qp, …, (q-1)qp or nqp, n 

from 1 to (q-1) that belong to the partite set v2, and they are 

of degree qp-1. All the vertices in V1 are disjoint, non 

adjacent together but they are adjacent with(q-1) vertices in 

V2. But the vertices in V2 are adjacent together also, since 

nqp.mqp=nmq2p2│q2p, then the (q-1) vertices in V2 represent 

complete graph K(q-1) of order (q-1), and adjacency between 

the vertices in both partite sets defined by the join operation 

in graph, thus we get the Maxideal zero divisor graph of  I1, 

I1μ(Zq2.p) K(q-1)+ Nq(q-1). 

Theorem 5-2-2: Maxideal zero divisor graph of ideal I2 

generated by p in the ring Zq2.p, is construction disconnected 

graph K(q-1) Nq(q-1). 

Proof: I2=(p)={p, 2p, 3p, …, (q2-1)}, and also divided in to 

two partite sets V1 and V2. The vertices in V1 are q(q-1) 

isolated vertices (vertices of degree zero) since they non 

adjacent nor together neither with vertices in V2, thus we get 

the null graph Nq(q-1) of order q(q-1). While the vertices in V2 

are the centers of the zero divisor graph Г(Zq2.p), are of the 

form  qp, 2qp, …, (q-1)qp or nqp, n from 1 to (q-1) that 

belong to the partite set V2, and they are (q-1)vertices of 

degree qp-1. All the vertices in V2 are adjacent together but 

they are non adjacent with vertices in V1. then the (q-1) 

vertices in V2 represent complete graph K(q-1) of order (q-1), 

thus we get the vertices in both partite sets defined by the 

union operation in graph, thus we get the Maxideal zero 

divisor graph of  I2, I2μ(Zq2.p) K(q-1)  Nq(q-1). 

Corollary 5-2-3:: The minimal ideal J1=I1 I2=(qp) is an 

ideal generated by qp and the Minideal zero divisor graph of 

J1 is K(q-1). 

Proof: The ideal zero divisor graph of J1=I1 I2=(qp), 

contains those vertices which called the centers in the zero 

divisor graph, and they are adjacent all together, so we get the 

complete graph K(q-1) and it’s the Minideal zero divisor graph 

of J1. 

6- The zero divisor ideal graph of the ring Zn. 

  Let Zn be a commutative ring and I be an ideal of Zn, then 

we define the zero divisor ideal to be the set of non-zero zero 

divisor elements of I, means the set of all adjacent elements 

in I and denoted by I*such that I*={ x I, xy=0 for some y in 

I}, and the zero divisor ideal graph is denoted by ГI(Zn) is 

the graph consist of all adjacent vertices. To give the idea of 

zero divisor ideal and zero divisor ideal graph we give the 

following example. 
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Example-1: Let the ring Zn=Z30, and Z*(Z30)={2, 4, 6, 8, 10, 

12, 14, 16, 18, 20, 22, 24, 26, 28, 3, 9, 21, 27,5, 15, 25}, this 

ring has the following ideals: 

I1=(2)= {0,2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28}. 

I2=(3)={0, 3, 6, 9, 12, 15, 18, 21, 24, 27}. 

I3=(5)={0, 5, 10, 15, 20, 25}. 

I4=(6)={0, 6, 12, 18, 24}. While the zero divisor ideal of 

these ideals as defined as follow: 

I1*=(2)= { 6,  10, 12, 18, 20, 24}. 

I2*=(3)={ 6, 12, 18, 24}. 

I3*=(5)={ 10, 15, 20}. 

I4*=(6)={0}. And the zero divisor ideal graphs of these zero 

divisor ideals as shown in the figure (15) bellow. 

 

 

 

 

 

as shown in this example the zero divisor ideal I4* is equal 

zero and so the zero divisor ideal graph is trivial .  

Note that for all ideal J  I for all ideals I and J in the ring 

Zn, the zero divisor ideal graph is trivial. 

7- The zero divisor ideal of the ring Zpqr. 

Since the order of any graph is changing with the order of the 

ring n, so to get the general form of the zero divisor ideal and 

the zero divisor ideal graph we must classify the ring up to 

the p and so on up to the n. 

7-1 The zero divisor ideal graph of the ring Z2qr . 

   The order of the ring Z2qr is even and the zero divisor ideal 

set contains some even vertices from 2 till 2qr-2, and the 

vertices of multiple q and multiple r. 

   Some of these vertices are stable and some are adjacent 

vertices, this ring contains three maximal ideals and all other 

ideals of this ring is contained in one of the maximal ideals. 

The zero divisor ideal set Ii*are contains only the adjacent 

vertices, the vertices which not contain in the stable set, and 

the zero divisor ideal graph has the following forms in the 

following theorems. 

Theorem 7-1-1  The zero divisor ideal graph ГIi(Zn) of the 

ring Z2qr is connected graph and have the following forms: 

1-ГI1(Z2qr) K(q-1),(r-1) , for maximal ideal generated by 2.  

2- ГI2(Z2qr) K1,(r-1), for maximal ideal generated by q.  

3- ГI3(Z2qr) K1,(q-1) N(q-1) for maximal ideal generated 

by r.   

Proof: The proof is the same as the proof of the Theorem 3- 

 

 

 

 

1-1, but the zero divisor ideal set I* consist only the vertices 

that they are adjacent together , then we remove all stable 

vertices from the zero divisor ideal graphs , since I*=I-S, and 

we get the result. 

Corollary 7-1-2: The zero divisor graph ideals of the 

minimal ideals of the ring Z2qr are isolated vertex.  

Proof: Since the vertices in the minimal ideals Ji=Ij Ik, for 

I, j, and k are not equal, and each ideal Ji contains the vertices 

of multiple 2q, 2r, and qr, and all they are non adjacent 

vertices , means Ii*={0}, for all i. 

Theorem 7-1-3  The zero divisor ideal graph ГIi(Zn) of the 

ring Z3qr is connected 

graph and have the following forms: 

1-ГI1(Z3qr) K(q-1),(r-1) , for maximal ideal generated by 3.  

Fig-15- zero divisor ideal graphs ГI1(Z30), ГI2(Z30), ГI3(Z30)   
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2- ГI2(Z3qr) K2,(r-1), for maximal ideal generated by q.  

3- ГI3(Z3qr) K2,(q-1),for maximal ideal generated by r.   

Proof: 1-  I1=(3), and I1*={3nq, n from 1 to (r-1), and 3mr, m 

from 1 to (q-1), n and m positive integer}, and by adjacency 

relation between vertices 3nq and 3mr, we get the complete 

bipartite graph K(q-1),(r-1). 

2-  I2=(q), and I2*= {3nq, n from 1 to (r-1), and qr, 2qr}, the 

vertices 3nq are adjacent with the vertices qr and 2qr, so we 

get the complete bipartite graph K2,(r-1). 

3-   I3=(r), and I3*= {3nr, n from 1 to (q-1), and qr, 2qr}, the 

vertices 3nr are adjacent with the vertices qr and 2qr, so we 

get the complete bipartite graph K2,(q-1). 

Note that the zero divisor elements in the other ideals of the 

ring Z3qr are belongs to the stable set S, so The zero divisor 

ideals I* are zero and we get the isolated vertex. 

7-2 The zero divisor ideal graph of the ring Zpqr . 

   In general the zero divisor ideals element are those 

elements that are not belong to the stable set S, so all vertices 

in I* are adjacent together for any ideal I of the ring Zpqr. 

Theorem 7-2-1  The zero divisor ideal graph ГIi(Zn) of the 

ring Z3qr is connected 

graph and have the following forms: 

1-ГI1(Zpqr) K(q-1),(r-1) , for ideal generated by P.  

2- ГI2(Zpqr) K(P-1),(r-1), for ideal generated by q.  

3- ГI3(Zpqr) K(P-1),(q-1),for  ideal generated by r.   

Proof: The proof is obvius. 

8- The zero divisor ideal graph ГIi(Zn), Zn  Z2
n.p 

  In this case the ring has two maximal ideals I1, and I2 

generated by 2 and p respectively, and all vertices in the ideal 

I1are adjacent together to made connected graph, so in this 

ring the ideal elements and the zero divisor ideal elements are 

equal, then the Maxideal zero divisor graph and the zero 

divisor ideal graph are isomorphic. 
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