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Abstract 

 

 An extended statistical thermal model for the hot and dense hadronic matter produced in the ultra-relativistic 

central collisions of heavy nuclei is used. The matter formed is assumed to be consisting of regions moving with 

increasing rapidity (yFB) along the rapidity axis. The final state hadrons are assumed to be emitted from these 

regions. A Gaussian profile in yFB is used to weigh the contributions of these regions to the final state emitted 

hadron’s population. A quadratic profile in yFB is used to fix the baryon chemical potentials of these regions. 

This situation is found to emerge from the nuclear transparency effect in those collisions at such ultra-

relativistic energies. We find that it is possible to explain not only the net proton, pp/


and pion flow but also 

the individual proton, antiproton, Kaon, antiKaon, and their ratios rapidity spectra as well. It is interesting to find 

that the model can successfully explain the strange sector data also quite well, measured in the same 

experiment by the BRAHMS collaboration. This is achieved by using single set of the model parameters. 
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1.      Introduction 

 

The ultra-relativistic nucleus-nucleus collisions (also called heavy-ion collisions) 

give the possibility to study the behavior of nuclear matter under extreme 

conditions of pressure and temperature. It is supposed that such conditions were 

present during first few microseconds after the Big Bang. These can be recreated 

experimentally in heavy-ion collisions at ultra-relativistic energies, using the 

colliders, such as Relativistic Heavy Ion Collider (RHIC) and now also in the 

Large Hadron Collider (LHC). 

During the high-energy head-on (i.e. nearly zero impact parameter) collisions of 

large sized nuclei a very hot and dense system of strongly interacting particles is 

produced. As quarks and gluons are not allowed to exist separately hence have to 

bind in hadrons at low energy densities. However with the increasing temperature 

(heating) and/or increasing baryon density (compression), a phase transition may 

occur to a state where ordinary hadrons do not exist anymore and the colour 

charge carrying quarks and gluons become the only degrees of freedom. In other 

words hadrons lose their identity. This extreme state of color deconfined matter is 

called Quark-Gluon Plasma (QGP).  

The energy loss of colliding nuclei is a fundamental quantity determining the 

energy available for particle production (excitation) in heavy ion collisions. The 

average rapidity loss                  is used [1] to quantify stopping in 
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heavy ion collisions [2-3]. Here,    is rapidity of the incoming projectile and <y> 

 is the mean net-baryon rapidity after the collision. 

Hence after the initial collision of two heavy nuclei a hot fireball is formed in a 

very short time (∼1 fm/c). If the initial temperature of a fireball Ti is high then it 

may be in a deconfined state of quarks and gluons (QGP). If this state of matter 

lasts for a sufficient period of time (τ ∼ a few fm/c) then a local thermally and 

chemically equilibrated QGP phase is likely to exist. As the initial number density 

of the produced partons is very large in such collisions therefore the mean free 

path of these partons (quarks and gluons) is extremely small leading to multiple 

collisions among them. Within the framework of the statistical model it is assumed 

that this hot fireball undergoes expansion accompanied by particle production 

processes which consequently leads to a decrease in its temperature. At certain 

critical temperature, also called phase transition temperature, Tc, quarks and 

gluons start forming hadrons (i.e. hadronization via recombination) and the system 

first may go into a mixed state. When the temperature T < Tc, the matter becomes 

entirely composed of various hadronic species which continue to interact in-

elastically causing secondary particle (hadron) production leading to a further 

change in the particle numbers. At certain stage the particle number changing 

(inelastic) processes stop and a hadro-chemical or simply a chemical freeze-out 

occurs. The constituent particles in the dense hadronic matter however still 

continue to interact but now elastically thereby causing a fluid like expansion of 
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the matter leading to a further drop in the temperature of the system till the final 

thermal / hydrodynamical freeze-out [4-6]. After this stage the system ultimately 

disintegrates into the final state of non-interacting individual hadrons (freeze-out). 

Hence it is clear that if the system in the hadronic phase lasts long enough (say τ ∼ 

10 fm/c) it is likely to reach a final state having a high degree of chemical as well 

as thermal equilibrium at freeze-out. This can be described by nearly free (non- 

interacting) gas of various hadronic resonances. This final freeze-out essentially 

occurs when the rate of microscopic hadronic interactions becomes comparable to 

that of macroscopic expansion of the system [7]. The hydrodynamic expansion is 

important as it leads to the reshaping of the particle spectra. 

As the yields of baryons and anti-baryons are an important indicator of the multi-

particle production phenomenon in the ultra-relativistic nuclear collisions hence 

their distribution allows us to learn how the baryon number of the system, which is 

initially carried by the nucleons only before the nuclear collision, is distributed at 

the final freeze-out state [5]. It is believed that these produced hadrons carry 

information about the collision dynamics and the subsequent space-time evolution  

of  the system. Hence a precise measurement of the transverse momentum (pT) and 

rapidity (y) distributions of identified hadrons is essential for the understanding of 

the thermal and hydrodynamical properties of the created matter up to the final 

freeze-out. Some hydrodynamical models [2, 3] that include radial flow have 

successfully described the measured pt distributions in Au+Au collisions at √   = 

130 GeV [5, 8]. The pT spectra of identified charged hadrons below 2 GeV/c in 
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central collisions have been well reproduced in some models by two simple 

parameters: transverse flow velocity T and thermal freeze-out temperature, T 

under the assumption of thermalization [8]. Some statistical models have also 

successfully described the particle abundances but at low pT [9-11]. 

The hadronic spectrum in a fireball reaches an asymptotic profile at the final 

freeze-out. The freeze-out essentially occurs when the mean free path of a given 

hadronic specie () become longer than the size of the system. It is given by  

   
 

  
  where   is the cross-section and   the number density of hadrons (which 

are mainly pions, Kaons and nucleons). Since the proton antiproton production 

(via        ̅ and       ̅) has a large threshold energy hence as the system 

cools down and the mean thermal energy per particle decreases below the 

production threshold the proton- antiproton production processes than come to a 

stop. However, the production of Kaons (492 MeV) mainly through the 

process        ̅ and        which requires lesser threshold energy can still 

continue and will stop only at a lower temperature (i.e. at a smaller thermal energy 

per particle). Lastly the pions being the lightest hadron (mass 140 MeV) can 

undergo production till a further lower temperature. Moreover the Kπ cross-

section is roughly 4 times smaller than the ππ cross-section. Hence the Kaons will 

freeze-out earlier than the pions. Therefore in this scenario a sequential chemical 

freeze-out can occur where the heavier hadrons e.g. , p,  ̅  will reach a chemical 
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freeze-out earlier, followed by the Kaons and then the pions. Consequently we can 

assign different freeze-out temperatures to these hadrons. 

In the following, we attempt to briefly describe our model [4] and obtain the 

expressions for the rapidity distribution of particles at the final freeze-out. 

 

2.    The Model 

 

In order to describe the rapidity distribution of the produced hadrons in ultra-

relativistic nuclear collisions the statistical thermal model has been extended to 

allow for the chemical potential and temperature to become rapidity dependent [5 

- 9]. Recently Becattini et al. and Cleymans et al. [4, 6- 8, 12] have attempted to 

describe the net proton flow data obtained at RHIC in Au – Au collisions at 200 

GeV/A. They have applied the thermal model in a very interesting way where the 

rapidity axis is assumed to be populated with fireballs (regions) moving along it 

with increasing rapidity, yFB. The emitted particles leave these fireballs (regions) 

at freeze-out following a thermal distribution. The resulting rapidity distribution 

  

  
 of any given particle specie j is then written as a superposition of the 

contributions of all these regions. We write 

      

           
   ∫        

  

  

   
 
        

                        
            (1) 

 

where y is the particle’s rapidity in the rest frame of the colliding nuclei and A is 

the overall normalization factor, which may be particle dependent. The 



INTERNATIONAL JOURNAL OF ADVANCE RESEARCH, IJOAR .ORG                                                                                        
ISSN  2320-9097  7 

IJOAR© 2014 
http://www.ijoar.org 

 

distribution  
      

           
 represents total contributions of all the regions to the given   j

th
 

hadron specie’s rapidity spectra. According to the thermal model the rapidity 

spectra of any given particle specie in a individual fireball region, i.e.  
   

 
   

           
  can 

be written as : 

   
 

  
 = 2π   *   

    
    

 

     
   

   

      
  +                                   (2) 

 

where T is the thermal temperature of the fireball. The mo and 
j
 are the rest mass 

and the fugacity of the j
th   

hadronic specie, respectively. We can also include the 

contribution of the decay products of the heavy resonances as follow [13]. 

 

         

              
  =(

 

   
) (

  

  ) ∫    
  

  
  (

    

    
)                       (3) 

where p and E are the momentum and total energy of the product hadron and the 

subscript “h” denotes the decaying (parent) hadron. From the above equation we 

can determine the rapidity spectrum of the product hadron. 

Here the contribution of the respective fireball regions to the hadronic yield is not 

assumed to be in the equal proportions. It is rather assumed to follow a Gaussian 

distribution in the variable yFB, centered at zero fireball rapidity (yFB = 0) : 

        
 

√   
  exp(

    
 

      )              (4) 

   

The value of   determines the width of the Gaussian distribution. The 

experimental data provide a strong evidence that the baryon chemical potential 
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(B) of the successive fireball regions along the rapidity axis should be dependent 

on its own rapidity (yFB). Hence the evaluation of the final yield requires a 

superposition of the contributions of these regions whose baryon chemical 

potential increases with their rapidity. A quadratic type dependence is considered 

[12, 14] so as to make the chemical potential (B) invariant under the 

transformation yFB      - yFB  : 

 

   = a + b    
                 (5) 

  

In the recent works [4, 15] it has been further assumed that the temperature of the 

successive fireballs along the rapidity axis decreases (as the baryon chemical 

potential increases) according to a chosen parameterization: 

 

T = 0.166 - 0.139   
  - 0.053   

              (6) 

where the units are in GeV.  Here the temperature of the mid-rapidity fireball (yFB 

~ 0) is fixed at ~165 MeV for small values of a and b.  

In the work of Becattini and Cleymans [12,14] a good fit to the net proton flow, 

pion flow and the ratio 
 ̅

 ⁄ , measured at the highest RHIC energy by the 

BRAHMS collaboration, has been obtained. The values of their model parameters 

are, a = 23.8 MeV, b = 11.2 MeV and   = 2.183, while the temperature T varies 

according to the parameterization equation (6).  
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 However, they have not attempted to test a theoretical fit to the individual proton 

and antiproton rapidity spectra. Moreover the strange sector data on Kaon and 

antiKaon rapidity spectra as measured by the BRAHMS collaboration in the same 

experiment for the same experimental conditions have also not been investigated 

by these authors. 

Therefore in this paper we have attempted to show that in addition to the above 

mentioned quantities namely the pion flow and the ratio 
 ̅

 ⁄ , the extended 

statistical thermal model can also very effectively explain the individual rapidity 

spectra of various non-strange and strange hadrons such as the protons, 

antiprotons, Kaons and Antikaons. A single value of the temperature parameter T 

chosen for given hadron and the chemical potentials are however still assumed to 

be dependent on the fireball rapidity yFB, a situation which is unavoidable in the 

model due to the nature of the data. Further we also investigate the possibility of a 

sequential freeze-out of different hadronic species, which seems to emerge 

naturally from our data analysis. 

 

3. Result and Discussion 

 

In the light of above we have made an attempt to find a new set of parameters 

which will not only reproduce the earlier obtained results for the Kaons and pions  

but also provide a correct description of the relative yields of the particles e.g. 




/ and    ⁄ . In figures (1) and (2) we have shown the experimental dN/dy data 
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(by the red solid circles) for the protons and antiprotons, respectively, obtained 

from the top 5% most central collisions at √    = 200 GeV in the BRAHMS 

experiment. The errors are both statistical and systematic. The proton’s and 

antiproton’s dN/dy show a maximum at midrapidity and decrease towards higher 

rapidities (y ~ 3). We have fitted both the spectral shapes simultaneously for a = 

21.0, b = 11.2,   = 2.1 and T = 175.0 MeV. We find that the theoretical curves fit 

the data quite well in both the cases. The experimental data have been 

symmetrized for the negative values of rapidity [16].         
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Figure(1): Proton rapidity spectra. Theoretical result is shown by the solid                          

                     curve. The overall normalization factor is 68.36. 

 

It may be noted that the proton spectra in the figure (1) is seen to be slightly 

broader than the antiproton spectra in figure (2). This according to the present 

model seems to emerge from the fact that the baryon chemical potential         
     

Since along the rapidity axis the hadronic matter is assumed to be moving with 
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increasing rapidity     hence the chemical potential increases at larger fireball 

rapidities. Further the low rapidity (y) baryons (which have a larger population in 

a baryon rich fireball in thermo-chemical equilibrium) but are emitted in the 

forward (or backward) direction from a fast moving region or fireballs (i.e. with 

large    ), appear  with a large value of rapidity (y) in the rest frame of the 

colliding nuclei.  

I  
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Figure (2):  Antiproton rapidity spectra. The overall normalization factor for   

               solid curve is 68.36 and for the dotted curve it is 66.40. 

 

In other words as the baryon chemical potentials (  ) increase monotonically 

along the rapidity axis (as ~     
  ) there is an increase in the density of the protons 

and a simultaneous suppression in the density of antiprotons thereby making the 

proton rapidity spectrum broader than that of the antiproton’s. In Figure (1) we 

have shown the proton spectrum, with the value of the normalization factor A = 

68.36 which gives a minimum   /DoF = 2.99. However, if we use the same value 
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of normalization factor for the antiproton data in figure (2) we find that the fit is 

slightly poor and we get   /DoF = 6.82, which appears to be large. Hence we 

applied the criteria of minimum   /DoF for the antiproton data independently and 

arrived at a slightly different (lesser) normalization factor of 66.40, which is about 

97.13 % of the proton’s normalization factor. One reasonable interpretation for the 

lesser value of the normalization factor for the antiprotons could be that the 

antiproton phase space may be approximately 97 % saturated, considering the 

proton’s phase space to be fully chemically saturated. In figure (3) we have shown 

the rapidity spectra of the 
 ̅

 ⁄  ratio. The ratio has a maximum (~ 0.75) in the 

midrapidity region which then decreases to about 25% at around y ~ 3.  
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Figure (3):  Rapidity spectra of   ̅  ⁄   ratio. . 

For the case of   
  ̅

 ⁄    distribution when we use common normalization factors for 

p and   ̅ we get a fit with a value of   /DoF = 2.33 (dashed curve). And again 

using their individual normalization factors (i.e. 68.36 for p and 66.40 for   ̅, we 
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obtain a better fit for with   /DoF = 0.85 as shown by solid curve. In other words 

the overall multiplying factor (or the effective normalization factor for this ratio) 

becomes 0.971 (or 97.1 %). These values are interestingly almost same as the one 

obtained from the minimum   /DoF criteria, by fitting the p and  ̅ data 

independently, for which we find A = 0.968 (or 96.8 %) and minimum   /DoF = 

0.84. This gives a strong support to the argument stated above also that the 

antiproton phase space might not be fully chemically equilibrated. This could be 

due to large threshold energy required for their production in the fireball. 

-4 -2 0 2 4

14

16

18

20

22

24

26

28

30

32

34

36

38

40

42

44

46

48

50

dN
/d

y(
K

ao
n)

Rapidity (y)

 

Figure (4):  Rapidity spectra of Kaon flow. 

In figure (4) we have shown the rapidity spectra of Kaon flow. The theoretical 

curve which fits the data is for a = 29.5, b = 12.0,   = 2.2 and T = 135.0 MeV. We 

find that the theoretical curve provides a very good fit to the data. 

In figure (5) we have shown the rapidity spectra of AntiKaons. The theoretical 

curve which fits the data is again for the same values of the model parameters used 

in figure (4). The normalization factors for both these cases obtained by fitting 

their individual rapidity spectra by applying the minimum Χ
2
/DoF criteria are 
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almost same. We find that for Kaons A = 181.0 which gives minimum Χ
2
/DoF = 

0.37, while for the antiKaons we get A = 179.0 with minimum Χ
2
/DoF = 8.20. 

This larger value of   /DoF is apparently due to the variations in the data itself. 

Using the same normalization factor for the antiKaons as the one used for the 

Kaons (i.e.181.0) we get the value of Χ
2
/DoF = 8.56. 
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Figure (5): Rapidity spectra of AntiKaon flow. The theoretical curve which fits the 

data is for the same values of the model parameters as used for the theoretical curves 

of Kaon in Fig. (4). 

 

Here the values of the normalization factors are almost same (~ 180). This could 

be due to almost same threshold energy for the production of Kaons and  

antiKaons  and their near simultaneous freeze-out. In our calculations we find that 

the                ratio is 28% whereas the experimental value is %523  [17-

19]. Hence we are able to reproduce the experimental data reasonably within the 

experimental error. This becomes possible only at the temperature of 135 MeV, 
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while at 175 MeV we find that this ratio is very large ~ 60%. Hence a lower 

freeze-out temperature for the Kaons (i.e. K and K
*
) is favoured. 

Anti-particle to particle ratios for charged Kaons, i.e.   / , as a function of 

rapidity is shown in figure (6). We find that the theoretical curve fits the data quite 

well. We have fitted the spectral shapes for Kaon and anti-Kaons both for the 

same values of the model parameters i.e. a = 29.5, b = 12.0,   = 2.2 and T = 135.0 

MeV. At mid-rapidity (| y | <1), the ratio is close to unity (~ 0.95), which is a 

significant increase from the top SPS energy (~ 0.6). The ratio decreases with 

rapidity. This rapidity dependence can be attributed to sensitivity to the baryonic 

density. At the energy of √sNN = 200 GeV considerable reaction transparency is 

achieved for collisions [10], and away from mid-rapidity the net baryon content 

originating from the initial nuclei plays significant role as discussed earlier also. 

Consequently the   /  ratio decreases with the baryon chemical potential B. 

In other words as the fireball rapidity ( FBy ) increases the chemical potential (B = 

a +b
2

FBy ) also increases thereby decreasing the   /  ratio in the regions of large 

rapidities. It has to be noted that some theoretical models [10, 11] are though 

relatively successful in reproducing multiplicity distributions [20] and rapidity 

dependent anti-particle to particle ratios for protons and pions ( ̅   a     ̅   ) 

[21] but fail to describe the rapidity dependent   /  ratios and the ratio 

               at the RHIC energies. In figure (7) we have shown the 

theoretical fit to the pion’s experimental data. The pion spectrum is fitted for the 
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 =2.25 and T= 120 MeV. We find that the normalization factor for pions is about 

364.  

 

 

 

 

 

 

 

 

 

Figure (6):  Rapidity spectra of   / ratio. The experimental data is shown by the 

magenta solid boxes. 

 

 

 

Figure (7 ): Rapidity spectra of pion flow. The theoretical result is shown by the solid 

curve. The overall normalization factor are 364.5. 
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 The rapidity dependence of the /  ratios are shown in figures (8) and (9). It is 

seen that while the  / ratio is nearly constant in the rapidity range of |yK | 

<3.3, the  /  ratio shows a significant decrease from y ≈ 1 towards higher 

rapidity. This is due to the relatively larger suppression in the     abundance at 

large rapidities. 
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Figure (8): Rapidity spectra of  / ratio. The solid curve shows the theoretical fit 

and theexperimental data are shown by the green solid boxes. 
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                 Figure (9):  Rapidity spectra of  / ratio. The solid curve shows the theoretical fit.    
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We find that the theoretical curves fit the data quite well. Near mid-rapidity the 

experimentally obtained values are 0.156 ± 0.001 for  /  and 0.146 ± 0.001 

for      ⁄ . 

The measurement at RHIC suggests that the  /  ratio stays nearly constant 

with rapidity starting from the top SPS energy. 

Figure (10) shows the correlation between the Kaon-antiKaon and proton-

antiproton ratios. The ratio of   /  and pp/


 shows maximum at midrapidity 

and decreases towards higher rapidities (y ~ 3). We find that the theoretical curve 

fits the data quite well. The theoretical curve which fits the data is again for the 

same values of the model parameters used in figure (6). It is worthwhile to note  

that the measured   /  and   ̅    ratios measured at RHIC energies at different 

rapidities follow this relationship which in the thermal model used here is 

expected to exist between the strange and baryon chemical potentials.   

 

 

 

Figure (10): Correlation between   / and pp/


ratios. 

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

2.5

3.0

K
- /K

+

p
-
/p



INTERNATIONAL JOURNAL OF ADVANCE RESEARCH, IJOAR .ORG                                                                                        
ISSN  2320-9097  19 

IJOAR© 2014 
http://www.ijoar.org 

 

Hence for charged Kaon to pion ratios, no significant changes are observed across 

the measured rapidity range for  /  , while the  /  ratio exhibits a 

prominent decrease from y ≈ 1 towards higher rapidities. Antiparticle to particle 

ratios for charged  Kaons show a strong rapidity dependence which may reflect a 

significant interplay between baryonic distribution and strangeness production at 

the RHIC energy. The systematic of   /  and  ̅  ⁄   ratios in the measured 

rapidity range demonstrates a strongly correlated behavior within the frame work 

of the model. 

 

 Summary and Conclusion 

 

In summary invoking a scenario of sequential freeze-out we find that it is possible 

to explain proton (antiproton), Kaon (anti-Kaon) and pion data. Under this 

scenario not only all particle spectra are reproduced correctly but a much better 

value of the relative yield of  ̅   ⁄  
   /,/ and  /  are obtained. We 

find that when the Protons (Antiprotons) freeze-out earlier the temperature is 

T=175 MeV, a=21.0 MeV, b= 11.2 and  =2.1 however at a later stage when the 

Kaons (antiKaons) freeze-out the temperature drops to a value T=135 MeV. At 

this stage we also find that the  slightly increases from 2.1 to 2.2 this could be 

due to a development of stronger longitudinal flow which causes a drop in T also 

since a certain fraction of thermal energies is converted into longitudinal flow (or 

rapidity boost) [13]. Finally when pions freeze- out, the temperature falls to a 
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value of 120 MeV whiles the   increases to 2.25. We find that the system size at 

the freeze-out of protons, Kaons and pions increases. This is obviously due to the 

expansion, the subsequent cooling of the hot system and a sequential freee-out 

these hadronic species. Hence the above scenario of a sequential freeze-out 

appears to be a likely scenario. 
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